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1. 2019-10-04 PPP models
geometric range, ionosphere, troposphere, antenna PCV, 
earth tides, wind-up, relativity, biases, coordinates

2. 2019-10-18 PPP algorithms
SPP, LSQ, GN, EKF, noise-model, RAIM/QC, LAPACK/BLAS

3. 2019-11-01 PPP data handling
LC, interpolation, slip detection, RINEX, SP3, ANTEX, RTCM,
CSSR

4. 2019-11-22 PPP-AR
UPD/FCB, EWL/WL/NL, ILS, LAMBDA, TCAR, PAR, validation

5. 2019-12-06 INS integration
INS sensors, Inertial navigation, INS integration

6. 2019-12-20 POD of satellites
orbit element, orbit model, reduced-dynamic,
ECI-ECEF transformation, precession/nutation, EOP

2(1.5 h / session)

PPP - Models, Algorithms and Implementation
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Inertial Navigation



Coordinate Frames
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i-frame
(ECI Frame)

n-frame
(Local Navigation/
Geographic Frame)

e-frame
(ECEF Frame)

b-frame
(Body Frame)
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: Earth rotation rate (rad/s)
: Latitude of n- and b-frame origin (rad)
: Longitude of n- and b-frame origin (rad)
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: Transformation from β-frame to α-frame
: i- and e-frame origin (earth mass center)
: n- and b-frame origin

: Roll angle of b- wrt n-frame (rad)
: Pitch angle of b- wrt n-frame (rad)
: Yaw angle of b- wrt n-frame (rad)
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Attitudes and Rotations
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Gyroscopes

Inertial Navigation
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Accelerometers

InitializationAttitude
Update

Frame 
Transformation

Velocity
Update

Position
Update

Gravity
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: Specific force measurement (m/s2)
: Specific force in α-frame (m/s2)
: Accelerometer bias (m/s2)
: Gyro bias (rad/s)
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: Velocity in α-frame (m/s)
: Transformation from b- to α-frame
: Angular rate measurement (rad/s)
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G : Gravitational acceleration (m/s2)

: Acceleration due to gravity (m/s2)
: Earth rotation vector (rad/s)
: Update interval (s)
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Strapdown Inertial Navigation
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(earth rotation)

(Coriolis force)

(α-frame) (IMU-frame = b-frame)

ˆˆ ˆ ˆˆ, , , ,    r v ψ f ω INS/GNSS 
Integration

Inertial Navigation

(acceleration)

(ref p.7)

(ref p.8)
(ref p.9,10)

(ref p.13-)



Attitude Update
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Drift Error in Computed Attitude by Approximation [1]
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Derivative of DCM
Update DCM by Angular Rate

Note:  Attitude updates should be performed at the IMU
sampling rate to minimize integration errors

Order Algorithm
Attitude Drift Error (deg/h)

1 6870 1720

2 3430 860

3 7 0.4

4 1.7 0.12 2
1 2a 1 6,a 1 2 24= −  = − 

1 2a 1,a 0= =

1 2a 1,a 1 2= =

2
1 2a 1 6,a 1 2= −  =

max 5.73 =  max 2.86 = 

[1] D. H. Titterton and J. L. Weston, Strapdown Inertial Navigation Technology, Second Edition,  AIAA and The Institution of 
Engineering and Technology, 2004

:  Angular rate (rad/s)
:  Angle increments (rad)σ

ω
( ) = σ



Gravity Model

Acceleration by Gravity
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[1] NGA.STND.0036_1.0.0_WGS84, World Geodetic System 1984 - Its definition and relationships with local geodetic 
systems, version 1.0.0, 2014

i 2 i

2
i i 2 i

23
i 2 i

(1 5(z r) )x

3 a
J (1 5(z r) )y

2 rr
(3 5(z r) )z

  −
  

     − + −    
  −

  

r

i e
i iT e eT e e

ie iei 3 2 e 3 2

3 3
,

r r r r

      
 − −  − − −   

    

G g
I r r I r r Ω Ω

r r
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: Earth gravitational constant (m3/s2)
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: Associated Legendre function
: Gravitational coefficients
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IMU (Inertial Measurement Unit)

Gyroscopes
Mechanical: RIG (rate integrating gyro), DTG (dynamically tuned gyro), ...

Vibratory: HRG (hemispherical resonator gyro), Wine grass resonator, ...

Optical: RLG (ring laser gyro), FOG (fiber optic gyro), ...

Accelerometers
Mechanical: Force-feedback pendulous accelerometer, Vibrating beam, ...

Solid-state: Silicon sensors, Optical accelerometers, ...

9

Gyro Bias Stability - IMU Grades [1]IMU Vendors [1]

[1]  Yole Development, High-end gyroscopes, accelerometers and IMUs for defense, aerospace & industrial, 2015
[2]  https://en.wikipedia.org/wiki/Inertial_measurement_unit

Apollo IMU [2]



MEMS IMU
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[1]  https://www.analog.com/en/products/adis16475.html

[2]  Analog Devices, Precision, Miniature MEMs IMU ADIS16475 Data Sheet, Rev.C, 2019

XY

Z

Triaxial Gyro: +- 125 deg/s

Triaxial Accelerometer: +- 8 g

Size: 11 x 15 x 11 mm

Factory Calibrated Bias, Alignment

Sample Price: $499.87 (Digi-key)

ADI ADIS16475-1 [1]

Along-Track: 6 2(3.6 10 9.8) 60 / 2 0.064 (m)−   =Cross-Track: 3(2 / 180 / 3600 60 / 2) (60 10 / 3600 60) 0.291 (m)      =

Expected Position Error due to IMU Noise (t = 60 s, v = 60 km/h)

Gyroscopes Accelerometers
Gyroscopes

Misalignment Error

Nonlinearity

In-Run Bias Stability

Angular Random Walk

Accelerometers

Misalignment Error

Nonlinearity (+- 2g)

In-Run Bias Stability

Velocity Random Walk

: +- 0.1

: 0.2 % FS

: 2

: 0.15

: +- 0.05

: 0.25 % FS

: 3.6

: 0.012

Gyro/Accelerometer Bias Stability [2]
Specifications [2]

Random Noise

Fricker
Noise

hr

hr

g

m s hr





gyro stability (rad/s) distance (m)time (s) accelerometer stability (m/s2) time (s)
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INS/GNSS

Integration



Integration Architectures
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INS/GNSS 
Integration

Tightly 
Coupled 

Integration

Loosely 
Coupled 

Integration

Deeply 
(Ultra-Tightly)

Coupled 
Integration

Inertial
Navigation

GNSS
Navigation

IMU

GNSS
Receiver

b b,ω f

ˆˆ ˆ, ,r v C

gnss gnss,r vs s sP ,D (, )

, , (, , )r v C f ω

ˆˆ ˆ ˆˆ, , , ,    r v ψ f ω

INS/GNSS 
Integration

Inertial
Navigation

IMU

GNSS
Receiver

b b,ω f

s s sP ,D (, )

INS/GNSS 
Integration

Inertial
Navigation

IMU

GNSS
Receiver

b b,ω f

s s sP ,D (, )

, , (, , )r v C f ω

, , (, , )r v C f ω

ˆˆ ˆ, ,r v C

ˆˆ ˆ, ,r v C
ˆˆ ˆ, ,r v C

EKF

EKF

EKF
ˆˆ ˆ ˆˆ, , , ,    r v ψ f ω

ˆˆ ˆ ˆˆ, , , ,    r v ψ f ω

Aids for signal acquisition/tracking 

Raw observation data

Position/velocity 
solutions

Integrated 
position/velocity 

and attitude

: Closed-loop INS/GNSS integration



GNSS Velocity Solution

T T 1 2 3 m T
r r r r r r( ,cdt ) , ( D , D , D ,..., D )= = − − − −x v y

0

T 1 T
i 1 i i

T T
i r r

i

ˆ

ˆ ˆ ˆ( ) ( ( ))

ˆˆ ˆ ˆlim ( ,cdt )

−
+

→

=

= + −

= =

x 0

x x H H H y h x

x x v

13

Parameters and Measurements
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r r r r r x,r y,r z,r

s s s s s T s s s s s T
x y z

(x , y ,z ) , (v ,v ,v )

(t ) (x , y ,z ) , (t ) (v ,v ,v )

= =

= =

r v

r v

: Receiver position by SPP (ECEF) (m)
: Receiver velocity (ECEF) (m/s)
: Receiver clock drift (s/s)
: Pseudorange (m)
: Doppler frequency (Hz)
: Carrier wavelength (m/cyc)
: Satellite position (ECEF) (m)
: Satellite velocity (ECEF) (m/s)
: Satellite clock bias (s)
: Satellite clock drift (s/s)
: LOS (line-of-sight) vector
: Signal reception time by receiver clock (s)
: Signal transmission time (s)
: Range rate (m/s)
: Sagnac effect correction for range rate (m/s)
: Std-dev of doppler noise (m/s) 

rv

rdt

s
rD


s s(t )r
s s(t )v

rr

s
re

s
r



s
rP

s sdT (t )

D

st
rt

s sdT (t )

ˆr
ˆ , vv Q : GNSS velocity solution (ECEF) (m/s) 

and VC-matrix

1T
r

2T
r

3T
r

mT
r

1

1

1

1

 −
 
 −
 

= − 
 
 
 − 

e

e

H e

e

s sT s s
r r r( (t ) ) = − + e v v
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T T T T T T
ins ( , , , , )=     x r v ψ f ω

State Vector and their Propagation in e-frame

( )2 2 2 2
ins a g ab gbblkdiag , , , ,     Q 0 I I I I

ins Φ

State Transition and Process Noise Matrix

e e e e

b b b b
ib ib

e e
b b

,

,

( ( ))

= −  = − 

= −  = − 

= −  

r r r v v v

f f f ω ω ω

C I ψ C

e e e e b e
ie b b

e e
ie b

2 ( ( ) )

 
 
   −  −    
 

−   
 
 
 
 

I I 0 0 0

g r I Ω C f C 0

0 0 I Ω 0 C

0 0 0 I 0

0 0 0 0 I

: INS position error in e-frame (m)
: INS velocity error in e-frame (m/s)
: INS attitude error in e-frame (rad)
: Accelerometer bias (m/s2)
: Gyro bias (rad/s)
: INS position in e-frame (m)
: INS velocity in e-frame (m/s)
: INS attitude in e-frame
: INS angular rate measurement (rad/s)
: INS specific force measurement (m/s2) 
: Corrected position in e-frame (m)
: Corrected velocity in e-frame (m/s)
: Corrected attitude in e-frame
: Corrected angular rate (rad/s)
: Corrected specific force (m/s2) 
: Std-dev of accelerometer noise (m/s2)
: Std-dev of gyro noise (rad/s)
: Std-dev of accelerometer bias (m/s2)
: Std-dev of gyro bias (rad/s)
: Update interval of EKF (s)

r

v

ψ

f

ω

a

g

ab

gb



e
r

e
v

e
bC

b
ibω

b
f

(1st-order
approx.)

ins =x

e e e e b e
ie b b

e e
ie b

2 ( ( ) )

 
 
  − −  
 

− 
 
 
 
 

0 I 0 0 0

g r Ω C f C 0

0 0 Ω 0 C

0 0 0 0 0

0 0 0 0 0

ins ins+x q

e
r

e
v

e
bC

b
ibω

b
f

e (t)r

e (t)v

eˆ (t)v

(t)r e (t )+ r

eˆ (t )+ r

(t ) + r

eˆ (t )+ v

e (t )+ v

INS Navigation

(t)

(t ) + 

* To minimize the integration error in high-dynamic environment
with fast attitude change, high-order approximation or finer step
integration is desirable to generate a precise state transition matrix.

eˆ (t)r

INS/GNSS
Integrated
Navigation

*
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gnss

k k
gnss

,
   

=   =   
  

r

v

r Q
y R

Qv

e
antant

k e be
ant bant

( )
( ) ,

( ) ( )

  −   
 = =  

   −     

I 0 r 0 0r
h x H

0 I v 0 C lv

e e
b b

e b
ant b

e b b
ant b ib

e e
ant ant

e e
ant ant

( ( ))

(( ) )

= −  

 =

  −  

= −  + 

= −  + 

C Ι ψ C

r C l

v C ω ω l

r r r r

v v v v

Loosely Coupled Integration in e-frame

T T 1
k k k k k k k

k k k k k k k k k

( )

ˆ ˆ ˆ( ( )), ( )

− − −

+ − − + −

= +

= + − = −

K P H H P H R

x x K y h x P I K H P
: INS position in e-frame (m)
: INS velocity in e-frame (m/s)
: INS attitude in e-frame
: INS angular rate measurement (rad/s)
: INS specific force measurement (m/s2) 
: INS position error in e-frame (m)
: INS velocity error in e-frame (m/s)
: INS attitude error in e-frame (rad)
: Accelerometer bias (m/s2)
: Gyro bias (rad/s)
: Lever-arm vector in b-frame (m)
: Antenna position in e-frame (m)
: Antenna velocity in e-frame (m/s)
: GNSS position solution (ECEF) (m)
: GNSS velocity solution (ECEF) (m/s)
: VC-matrix of GNSS position solution
: VC-matrix of GNSS velocity solution

r

v

ψ

f

ω

e
r

e
v

e
bC

b
l

gnssr

gnssv

rQ

vQ

b
ibω

b
f

e
antr
e
antv

bx

bz by GNSS Antenna

IMU

b
l

Lever Arm

(b-frame)

ez

ey
ex

e
o

b
o

(e-frame)

e − r r

e
antr

T
k k k 1 k k k 1 k kˆ ˆ ,− + − +

− −= = +x Φ x P Φ P Φ Q

Time Update of EKF

Measurement Update of EKF

T T T T T T
ins ( , , , , )= =     x x r v ψ f ω

( )k ins k ins,= =Φ Φ Q Q
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( )

1 2 m 1 2 m T
k r r r r r r

2 2 2 2 2 2
k P P P D D D

(P ,P ,...,P , D , D ,..., D )

diag , ,..., , , ,...,

= − − −

=      

y

R

1 1 1 1 1
r r r r

2 2 2 2 2
r r r r

m m m m m
r r r r

1 1 1
r r

2 2 2
r r

m m m
r r

cdt cdT (t ) I T

cdt cdT (t ) I T

cdt cdT (t ) I T
,

cdt cdT (t )

cdt cdT (t )

cdt cdT (t )

  + − + +
 
  + − + +
 
 
 
 + − + + 
 

 + − 
  + −
 
 
 
  + − 

( ) =h x

1T 1T
r r ant

2T 2T
r r ant

mT mT
r r ant

1T 1T 1T e b
r r ant r b

2T 2T 2T e b
r r ant r b

mT mT mT e b
r r ant r b

( ) 1 0

( ) 1 0

( ) 1 0

( ) ( ) 0 1

( ) ( ) 0 1

( ) ( ) 0 1

 − −  

 − −  



− −  


− −   − 
 − −   − 


− −   − 

e 0 e r 0 0

e 0 e r 0 0

e 0 e r 0 0

0 e e v 0 e C l

0 e e v 0 e C l

0 e e v 0 e C l













 
 
 



k =H

: GNSS receiver clock bias (m)
: GNSS receiver clock drift (m/s)
: GNSS pseudorange (m)
: GNSS Doppler frequency (Hz)
: GNSS carrier wavelength (m/cyc)
: Std-dev of pseudorange noise (m)
: Std-dev of Doppler noise (m/s)
: Geometric range (m)

s s s e s sT s s e
r ant r r ant(t ) , ( (t ) ) = − +   = − + r r e v v

P

D

s
r

rdt

rdt
s
rP
s
rD



: Range rate (m/s)
: GNSS satellite position/velocity (m, m/s)
: GNSS satellite clock bias/drift (s, s/s)
: Ionosphere model (m)
: Troposphere model (m)
: LOS (line-of-sight) vector
: Sagnac effect corrections (m, m/s)

s
r

s s s s(t ), (t )r v
s s s sdT (t ),dT (t )

s
rI
s
rT
s
re

Note: GNSS carrier phase for RTK or PPP can be involved to obtain precise GNSS receiver positions. In this case, additional 
parameters like phase biases and troposphere terms should be estimated as the EKF states.

Tightly Coupled Integration in e-frame

T
k k k 1 k k k 1 k kˆ ˆ ,− + − +

− −= = +x Φ x P Φ P Φ Q

Time Update of EKF

Measurement Update of EKF

T T T T T T T T
ins r r r r( ,cdt ,cdt ) ( , , , , ,cdt ,cdt )= =     x x r v ψ f ω

T T 1
k k k k k k k

k k k k k k k k k

( )

ˆ ˆ ˆ( ( )), ( )

− − −

+ − − + −

= +

= + − = −

K P H H P H R

x x K y h x P I K H P

ins ins

k k1 ,

1

    
    

= =     
        

Φ Q

Φ Q

, 
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Integrated INS/GNSS Performance

Applanix POS LV [1]

PCS (POS computer system) + IMU +

DMI (Distance measurement instrument) +

GNSS (Trimble BD960 and Zephyr II antenna)

Price range: $100,000 ~ $200,000

[1]  https://www.applanix.com/products/poslv.htm

[2]  Applanix, POS LV - designed for integration, built for performance - Data Sheet, 2017

[2]

[2]
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